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1. Introduction 

A conjecture of J. MoodyQ asserts that for each natural number n, a finite number 
of primes can be excluded so that if p is not one of the excluded primes, there is a 
(non-natural) one-to-one correspondence between isomorphism classes of groups of 
order p n and isomorphism classes of nilpotent ^"-element F p [T]/(T ra )-Lie algebras. 
In this paper we consider a special case of this conjecture. Specifically, we show 

Theorem 1. Let n be a natural number and p a prime with p > n. Then there 
exists a one-to-one correspondence between isomorphism classes of groups P of 
order p n in which l3i([P, P]) = 1, and isomorphism classes of nilpotent p n - element 
¥ p [T]/(T n )-Lie algebras L in which T[L,L] = 0. 

The condition on p enables us to regard the groups in the statement as certain 
Lie rings of order p n (by means of the Magnus-Lazard correspondence, the main 
properties of which are summarised in Section |§|) . We prove this theorem by estab- 
lishing a correspondence between this category and the category of Lie algebras in 
the statement. 

When p > n, any ^"-element nilpotent F p [T]/(T ra )-Lie algebra L has an asso- 
ciated group of order p n and exponent p (from the applying the Magnus-Lazard 
correspondence to the underlying F p -Lie algebra). Using this observation, The- 
orem |] can be used to give an expression for the number of groups of order p n 
whose derived subgroup has exponent dividing p. Denoting by £™ , a transversal 
for the isomorphism classes of groups of order p n and exponent p, and for such a 
group E, letting Ne denote the endomorphisms a : E — > E with the property that 
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Imcr C Z(E) and a n = &e (the endomorphism of E sending the entire group to 
the identity), we will obtain 

Theorem 2. Let n be a natural number and p a prime with p > n. Then the 
number of isomorphism classes of groups of order p n whose derived subgroup has 
exponent dividing p, is given by 



where Aut(-B) acts on £™ by conjugation. 

This paper comprises part of the author's doctoral dissertation jjj. The author 
would like to thank his advisor J. Moody for outlining the conjecture referred to 
above. 

2. A Correspondence between certain non-associative Rings and 



If C is any commutative ring with 1, we define a C-algebra to be a unital C- 
module A equipped with an element of Homc(^4®c A, A) giving the multiplication 
in A (multiplication will be denoted by a bracket [., .]). In this context, a ring will 
be taken to mean a Z-algebra. 

In this section we establish, for an arbitrary prime p and natural number n, 
a one-to-one correspondence between isomorphism classes in the category TZ™ of 
rings R of order p n in which p[R, R] = 0, and isomorphism classes in the category 
A£ of ^"-element F p [T]/(T")-algebras A in which T[A, A] = 0. We use the type 
invariants of the underlying modules to divide up the correspondence. 

Theorem 3. Let p be a prime, n be a natural number, and suppose that Ai > • • • > 
At is a partition of n. Let U be the Abelian p-group Z/p Xl Z®---(BZ/p Xt Z, andV 



1. There exists a one-to-one correspondence between isomorphism classes of 
rings defined on U which belong to and isomorphism classes of¥ p [T]/(T n )- 
algebras defined on V which belong to A™. 

2. This correspondence sends isomorphism classes of Lie rings onto isomorphism 
classes of¥ p [T]/(T n )-Lie algebras, and for such classes, the property of nilpo- 
tency (when it exists) is preserved. 




V 



Algebras 



be the ¥ p [T]/(T n ) -module F p [T]/(T Al ) © • • ■ © ¥ p [T)/(T Xt ). Then 
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Proof. Let = {x e U : px = 0},Ui(tf) = {px : x e t7},fii(V) - {x G V : 

T.x = 0}, = {Tx : x e V}. Denote the quotient Z-modulc U/l3i(U) byU, the 

quotient F p [T]-module V/l3i(V) by V, and observe that T-action on Cli(V) and V 
is trivial. Then any ring structure R on U with i?] = is uniquely determined 
by an element of Homz(U <8>z U,Sl\(U)), and any F p [T]-algebra structure A on 
V with T[A, A] = is uniquely determined by an element of Hom^ [^(V <8> Fp [T] 
V, Qi(V)). Moreover, the isomorphism classes of ring structures R on U with 
p[R 7 R] = arc in one-to-one correspondence with the induced action of Autz(£7) 
on Homz(J7 <g>z U, fii ([/)), and the isomorphism classes of F p [T]-algebra structures 
AonV with T[A, A] = are in one-to-one correspondence with the induced action 
of Aut ¥p[T] (V) on Hom Fp[T] (y (g) Fp[T] V,ili(V)). 

Now fix a Z-basis (m, ... ,u t )ofU and an F p [T]-basis (v\, ... ,v t ) ofV, both cor- 
responding to the type invariants (Ai, . . . , A t ). Then we have F p -bases {ui®uj : 1 < 
i,j < t}, {ul®u-: 1 < i,j < t}, {j^-V,... .P** -1 ^}, {T Xl ~ 1 v\, . . . ,T Xt ~ 1 v t } 
of U ~ ®%U ', V <8>f p [t] V, Cl\(U) and Cli(V) respectively. These give F p -vector space 
isomorphisms if), v 

ip : U®iU — ► V® ¥p[T] V v : Oi(f/) — ► fii(V) 

ul®Uj i — ► vl®Vj p Xi ~ 1 u i i — ► T Xi ~ 1 v i 

and hence an F p -vector space isomorphism 

: Hom z ([7® z £/ : ,fti(t/)) ^ Hom Fp[T] (F ® Fp[T] 

With respect to the above bases, we have linear actions of GL t (F p ) x GL t (F p ) 
on Homz(f7 ®% U,ili(U)) and Hom Fp [ T ] (V <8> Fp [T] V', fii(V)), and is equivariant 
for these actions. Moreover, the induced actions of Autz(t/) and Aut Fp [ T ](V) on 
Hom z (J7 <8>z U,Qi(U)) and Hom Fp [ T ] (V <S> Fp [T] V,Sli(V)) respectively, both factor 
through the action of GL t (F p ) x GL t (F p ). To prove part 1 of the theorem therefore, 
it suffices to show that they factor through the same subgroup of GL t (F p ) x GL t (F p ) . 

First, define integers 1 < i\ < i<i < ■ ■ ■ < i r < t such that {A^ , Aj 2 , . . . , A ir } = 
{Ai, . . . , Ai} and \ ij > A ij+1 for 1 < j < r. Now for each j = 1, . . . , r, define dj 
to be the number of A/'s equal to \ j . Then if 7r 6 Aut z (t/), we see that relative 
to the basis {p Al_1 wi, . . . ,p Xt ~ 1 u t } of Oi(C/), 7r|fj 1 (c/) is represented by a matrix of 
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the form 



/Mi 

* 



o 

M 2 

* 
* 






M r _! 



\ 








e GL t (Fp) 



(2.1) 



Moreover, relative to the basis 



where Mj S GL^. (F p ) for each j = 1, ... 
(uT, . . . , ui) of J7, the element of Autz(f7) is represented by a matrix of the form 



/Mi 








M 2 






M r _i 




* 



M r y 



€ GL t (F p ) 



(2.2) 



where the M,- are the same as the diagonal blocks appearing in the representation 



(2.1) for 7r|n 1 (m. Conversely, given matrices E,F G GL t (F p [T]) where E is of the 
form (2.1), F is of the form (2.2) and the diagonal blocks of E and F coincide, 
we can lift F to an element of Autz(Z7) whose restriction to fli(U) relative to 
{p Al_1 ui, . . . ,p Xt ~ l u t } is E. 

It is straightforward to see that a similar situation holds for Autr p [T](y), i.e. 
that the subgroup of GLt(F p ) x GLt(F p ) consists of matrices (E, F) where E is of 



the form ([2.2]), F is of the form (2.1), and the diagonal blocks of E and F coincide. 
Therefore 9 induces a one-to-one correspondence between isomorphism classes. 

Maintaining the above notation, we now show part 2 of the theorem. So let €r S 
Hom z (£7 ® z U, fli{U)) and ^ A 6 Hom Fp[T] (y ® Fp [T] V, fii(V)) with e R 6 = 7^4. For 
any 1 < i,j < t, it follows by the construction of that (u7 ®Uj)tR = —(uJ®Ui)e.R 
if and only if (u$ <g> ?^")7a = — (^J ® W)7A> an d (u? <8> u])eR — if and only if 
(«7 ® W)7A = 0. Therefore, €r factors through f\ 2 (U) if and only if factors 
through /\ 2 (V). 

We now show that the Jacobi identity holds in R if and only if it holds in A, so for 
elements x,y,z € R and a, b, c 6 A, let Jr(x, y, z) = [[x, y], 2] + [[y, 2], x] -I- [[z, a;], y] 
and Ja(o, 6, c) = [[a, 6],c] + [[&, c],a] + [[c, a],b]. Observe that the Jacobi identity 
holds in R if and only if Jn(ui, Uj, Uk) — for all i, j, k = 1, . . . , t, and the Jacobi 
identity holds in A if and only if Ja(vii Vj,Vk) = for all i, j, k = 1, . . . , t. Now if 
At > 2, we have f2i(/7) C Ui(C7), and so for any x,y,z£R we have [[x, y], z] = 0. 
Similarly, the Jacobi identity holds in A. Therefore we may assume that At = 1 
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and so d r (denned above) equals the number of type invariants equal to 1. For any 

1 < i, j <t choose integers {ay}* =1 such that 

t t 
[Ui,u j ]=^2a l ij p x '- 1 ui and [vi,vj] =^]«- 3 T A ^ 1 w ! . (2.3) 
1=1 (=1 
(such integers exist since we are assuming crO = 7a)- Now since A e — 1 > 1 for 

1 < e < t — d r , and A e = 1 for t — d r + 1 < e < t, it follows that for 1 < k < t 

we have 

[[ui,Uj],u k ]= a ij[ u h u k] = E °4 ( E a lkP Xm ~ lu m ) 

l=t-dr+l l=t-d r + l \m=l / 

= E ( E ) ^"V- ( 2 - 4 ) 

771=1 \J=t— <£ r +l / 

and 

[[vi, Vj },v k } = J2 ( E ^.a^jT^-V. (2.5) 
m=l \/=t-d,.+i / 

By permuting z, j, A: cyclically in (|2.4| ) and (|]^), we obtain 

J fl ( Ml , Uj,Uk) = ^ | ^ a-j-alfc + + a l jk a% J p Am ~ 1 w m 

m=l \/=t-d,. + l / 

and 

J A (Vi, Vj , V k ) = E ( E a ii a ^ + + ) T Xm ~ l V m , 

m=l \;=t-d r + l / 

from which it follows that Jn(ui, Uj, u k ) — if and only if Jj^ivi, Vj, Vk) = 0. Hence 
6r defines a Lie ring structure on U if and only if ja defines an F p [T]/(T")-Lie 
algebra structure on A. 

To complete the proof of part 2, let er G Homz(U ®i U,$li(U)) where R is a 
Lie ring on U, and write 7a = er9 so that A is an F P [T]/(T™)-Lie algebra on V. 
Then R/15\(R) = A/l5i(A) as F p -Lie algebras (to see this, consider the structure 



constants given by (2.3)). Now since [Ui(i?,), R] — it follows that nilpotency of R 
is equivalent to nilpotency of R/Ui(R). Similarly, nilpotency of A is equivalent to 
nilpotency of A/l5i(A), Hence R is nilpotent if and only if A is nilpotent. □ 

3. Proofs of the Main Theorems 

As mentioned in the introduction, the proofs of Theorem [l] and Theorem |^ 
utilise a Lie ring correspondence first discovered by Magnus in || , and then later, 
independently, by Lazard in j|] . For a prime p, let T p denote the category of finite 
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p-groups whose nilpotency class is less than p, and let A p denote the category of 
finite nilpotent Lie rings whose order is a power of p and whose nilpotency class 
is less than p. The main properties of the correspondence are summarised in the 
following theorem. 

Theorem (Magnus ||, Lazard Q). Let p be a prime, P a group in Y p and L a 
Lie ring in A p . Then there exists a He ring C P (P) in A p and a p- group Q P {L) in 
T p such that 

1. L has the same underlying set as Q p (L). 

2. P has the same underlying set as C P (P). 

3. The identity of P is the identity of the underlying Abelian group of C P (P). 
4- The Lie ring C P (Q P (L)) coincides with L. 

5. The p- group Q P {C P {P)) coincides with P. 

6. G P and C p are covariant functors between the respective categories ( the mor- 
phisms being the obvious structure preserving maps). 

7. The order of an element g E P coincides with its additive order in C P (P). 

8. For x,y E P, the group commutator [x,y]p equals 1 if and only if the Lie 
bracket [x,y]c p (P) equals 0. 

9. Subgroups of P coincide with Lie-subrings of C P (P), and normal subgroups of 
P coincide with ideals of C P (P). 

10. For normal subgroups H and K of P, the commutator group [H, K]p coincides 
with the ideal of C P (P) generated by all Lie brackets of elements of H with 
elements of K . 

The functors Q p and C p arise from the Baker-Campbell-Hausdorff formula and 
its "inversion" . The reader is referred to [|j or j| for the exact details — we need 
only the properties asserted in the above theorem. 

By Hall's commutator collecting process in [0, any p-group in T p is regular. In 
such ap-group P, the subset fli(P) — {x E P : x p — 1} is a subgroup, and denoting 
the exponent of P by p^ p \ we obtain a partition (u>i(P), . . . ,lu p ^(P)) of n by 
defining p^^ = |f2»(P) : fVi(P)|- For 1 < i < o>i(P), we define m(P) to be the 
number ofay's greater than or equal to i, and this gives us a dual partition of n. We 
say that P is of type (/zi(P), . . . , fj, Wl m\(P)). Observe that since the above Lie ring 
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correspondence preserves the order of an element it follows that for a p-group P in 
r p , the underlying Abelian p-group of C P {P) is also of type (/ii(P),... , fi Ul / P \(P). 

Proposition 1. Let n be a natural number andp a prime withp > n. Then for any 
partition X± > ■ ■ ■ > At of n, there is a one-to-one correspondence between isomor- 
phism classes of regular p-groups P of type (Ai, ... , At) in which Oi([P, P]) = 1, 
and isomorphism classes of nilpotent¥ p [T]/ (T n )- Lie algebras L of type (Ai, . . . , At) 
in which T[L,L] = 0. 

Proof. First observe that since p > n, any group P of order p n belongs to T p and 
any nilpotent Lie ring of order p n belongs to A p . Moreover, by property [To] of the 
Magnus-Lazard correspondence, the derived subgroup of P coincides with the de- 
rived subring of £ P (P), and so by property |t], the exponent of [P, P] coincides with 
the additive exponent of [C P (P), C P (P)]. Therefore there is a one-to-one correspon- 
dence between the p-groups in the statement and isomorphism classes of nilpotent 
p n -element Lie rings R of type (Ai, ... , At) in which p[R, R] = 0. The result now 
follows from Theorem ||. □ 

We now have 

Proof of Theorem ^|. Apply Proposition [l] to each partition of n. □ 

By ignoring the T-action on a nilpotent p"-element F p [T]/(T n )-Lie algebra, we 
obtain a nilpotent n-dimensional F p -Lie algebra K. Moreover, the isomophism 
classes of nilpotent F p [T]/(T n )-Lie algebra structures L on K in which T[L, L] = 0, 
correspond to the orbits of the conjugation action of AutLie(-^) on the set C(K) 
defined as 

{a e Rom ¥p (K,K) : a n = 0, Imcr C Z{K), [xa,y] = [x,y]cr for all x,y E K} 

For any a e C(K ), the type invariants of the corresponding F p [r]/(T™)-module 
are the dimensions of the Jordan blocks of a. So for a partition A of n, if wc 
denote by C(K, A) the elements a S C(K) with Jordan block dimensions A, then 
the number of isomorphism classes of nilpotent F p [T]/(T n )-Lie algebra structures 
LonK with T[L,L] = equals J2aec(K.\) l/|cr AutLlo(K) |- 

Proposition 2. Let p > n and denote by JC p a transversal for the isomorphism 
classes of nilpotent n-dimensional ¥ P -Lie algebras. Then for a partition A of n, the 
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number of isomorphism classes of p- groups P of type X in which Oi([P,P]) = 1 is 
given by 

1 



E £ 



\ a Aut hie (K)\' 
K£K™ a£C(K,\) 1 1 

Proof. Follows immediately from the preceding discussion and Proposition [|. □ 

Example 1. For p > 7, the 7-dimensional nilpotent F p -Lie algebras are known 
from applying the Magnus-Lazard correspondence to Wilkinson's classification [|| 
of group of order p and exponent p. This proposition gives an expression for the 
p-groups of types (2, 1, 1, 1, 1, 1) and (2, 2, 1, 1, 1) in terms of these Lie algebras. 

Proof of Theorem ^. Fixing p > n, the Magnus-Lazard theorem gives a one-to-one 
correspondence between isomorphism classes of groups of order p n with exponent p, 
and isomorphism classes of nilpotent ^"-element Lie rings with additive exponent p. 
Therefore, we can take K% = {C P {E) : E 6 ££}. Now if E E and a e C{C p {Ej) 
we see easily from the Magnus-Lazard theorem that a G Ne- Conversely, any 
element r e Ne is a nilpotent endomorphism of C P (E) with Imr C Z(C P (E)), 
and for any x, y € C P (E) we have [x, j/]t — [xT,yr\ = = [xt, y]. Therefore, 
Ne = C(C P (E), and so the result follows immediately after summing the expression 
in Proposition || over all partitions of n. □ 
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